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In Part I, titled “Automated Method For Minimum-Phase Extraction Using HBT”, the 

concept of constrained optimization was introduced. In this paper, we will examine this 

aspect in more details.  

 

We now return to the tweeter driver presented in Part I. 

 

 
  Figure 1. Example of SPL/Phase response of a tweeter driver. 

 

Please note, that there is virtually no SPL/Phase data above 22kHz. Still, we should run the 

minimum-phase extraction over several possible attachment points and examine the results. 

 

 
 

Frequency responses of Tweeter 1 shown on Figure 1, that frequency range 17-20kHz will 

meaningfully contribute to the accuracy of the process, and 22kHz frequency may be too 

close to the limit of reliable data. Therefore, 21kHz attachment point is selected. It is 



observable, that low-pass slope attached at 21000Hz is not doing its job properly. Resulting 

phase response is too shallow. See Figure 2 below. 

 

  
    Figure 2. Shallow phase response. 

 

Constrained IHBT optimization at 21000Hz leads to the following result. 

 
 

 
  Figure 3. Phase response obtained using constrained optimization. 



Next driver is a woofer driver.  

 

Examination of the frequency response would indicate problematic SPL response above 

5kHz. 

 

 
  Figure 4. Example of SPL/Phase response of a woofer driver 

 

 

 
 

 

Unconstrained HBT optimization is shown on Figure 5 below. If it wasn’t for the tabulated 

Errors, it would be difficult to visually determine the best phase match. Even so, the 

Normalized Errors are not far from each other between 6000Hz attachment point, and 

10000Hz result.. 

 



 
 Figure 5. Example of visually very good phase match at 10kHz attachment point. 

 

 

Compare the observations from above, to the “Constrained IHBT” optimization results 

tabulated below. The Normalized Error values increase markedly with the changes in the 

position of the attachment points. The Error at 10000Hz if almost 40 times higher than at  

5000Hz. 

 

 

 
 

 

Figure 5, showing the phase match at 10kHz attachment point, is a good example why we 

need numerical indication of the Cumulative Error, preferably normalized to the number of 

data bins used. Visually, there is nothing wrong with this phase match, and even numerically, 

the Normalized Error at 10kHz is 1.92, while the Averaged Error for all attachment points is 

1.58.  

 

The results tabulated above for the constrained IHBT Method show rapid increase in Error 

for higher attachment points. 

 

Finally, the results for the preferred 5000kHz attachment point are the same for both 

methods. This is to be expected, as both methods work on same principles. Automation just 

makes things quicker and more accurate. Please see Figure 6 and Figure 7. 



 
   Figure 6. Optimum attachment point at 5000kHz 

 

For 5kHz attachment point, the results from constrained IHBT and unconstrained HBT are 

identical. The 5kHz attachment point is quite safe to select. 

 

 
   Figure 7. Optimum attachment point at 5000kHz 

 

 

 



With the next tweeter driver, the situation is similar to the first tweeter. We observe, that 

frequency range 17-20kHz will meaningfully contribute to the accuracy of the process, and 

22kHz frequency is too close to the limit of reliable data. Therefore, 21kHz attachment point 

is selected again. 

 

 

 
   Figure 8. Example of SPL/Phase response of a tweeter driver. 

 

 

Unconstrained optimization using HBT method yelds the attachment-dependant responses 

tabulated below 

 

 
 

 

Please note, that the SPL response starts to show dropping tendency towards higher 

frequency. This is valuable information for all employed methods, and results in more 

accurate phase response determination.  

 



 
  Figure 9. Phase response from unconstrained HBT method. 

 

Constrained optimizations are tabulated below. Please note, that 22kHz Error is lower than 

21kHz Error (last column). It was therefore decided to use 22kHz attachment point. 

 

 
 

 
  Figure 10. Phase response from constrained IHBT method 



Lastly, the second woofer frequency response is shown below. Examining the measured SPL, 

it would be prudent to assume, that break-up region would start above 6kHz.  Therefore the 

highest attachment point would be 6kHz. 

 

 

 
  Figure 11. Example of SPL/Phase response of a tweeter driver. 

 

 

 
 

 

Attachment-dependant tabulated results show the Normalized Error is very close for all 

attachment points. It would be very challenging indeed to discriminate between those by 

visually inspecting phase matches. 

 

The 6kHz attachment point was selected for unconstrained HBT method. 

 



 
   Figure 12. Phase response from unconstrained HBT method 

 

The constrained IHBT method resulted in different slopes. 

 
 

 
   Figure 13. Phase response from constrained IHBT method 



What is the Constraint? 

 

As observed on several Figures presented in Part I and in this paper, manual and automated 

methods occasionally drift into the “difficult-to-justify” set of parameters, that also produce 

unusual and unexpectd plots, like Figure 2,  Figure 5 and Figure 12.  

 

The algorithms are designed to go and find the minimum error value, and they do it very 

efficiently, with high degree of accuracy. However, the selection of  starting parameters, and 

the interpretation of the results lies with the human operator. For instance, starting FFT Bin 

for the optimization process is selected by the operator. Attachment points are selected by the 

operator, and as we are discussing, the constraint(s) are selected by the operator. There are 

other starting parameters, for sake of clarity, they will not be discussed here. Some of the 

reasoning behind selection of the attachment points was presented in this paper and should 

serve as a guidance for eliminating potential duds. 

 

In Part I, it was suggested, that the constraint should be based on SPL response rather than 

phase response. Frankly speaking, I would not know how to define constraint based on phase 

response. SPL is much easier to deal with. We all know when the SPL curve does silly things. 

 

Also, if we accept the SPL-based constraint, it must not be a “hard-limit” type of constraint. 

So, for instance, if one selects 40dB as a constraint for low-pass slope, it does not mean, that 

low-pass slope will be fixed at -40dB and the rest of the optimization must dance around this 

limit. 

 

On Figure 2, as an example, the unconstrained optimization resulted in phase response 

corresponding to -8.97dB/oct asymptotic slope. In constrained optimization, the algorithm 

was asked to show the best phase matches around -30dB/oct asymptotic slope – and the 

algorithm presented Figure 3, with -23.43dB/oct low-pass asymptotic slope.  

 

The unconstraint optimization results shown on Figure 12, resulted in the woofer roll-off with 

berely 2-nd order slope of -13.67dB/oct. While constrained optimization gave more realistic -

27.18dB/oct.  

 

Validity of the constraint can be evaluated by selecting different constraint values and 

running the constrained algorithm for a case presented on Figure 7. 

 

 



The low-pass attachment point was selected as 5000Hz, therefore constrained optimization 

was run within 80Hz-5000Hz for different Constraint values 20dB – 120dB and the results 

are tabulated above. The Normalized Error shown on the last column, is clearly the lowest for 

Constraint = 40dB (green font above). The Error Curve (brown curve) progress is shown on 

Figure 14  below. 

 

  

  

  

   

   
 



 
                            Figure 14. Excess phase calculated for different constraint values. 
 
 

Analyzing Errors 

 

Having the Cumulative Error value and particularly the Normalized Cumulative Error Value 

assisting in phase extraction decisions is of a great help. But there is more to it. 

 

In the next set of tabulated results, the Cumulative Error was split into Hi-End Error (above 

4000Hz) and Low-End Error (below 4000Hz). 

 

 
   Figure 15. Example of splitting Error into two regions. 

 

 

 



Probably the most interesting aspect of this analysis is the growth of Hi-End Error and Low-

End Error calculated for different low-pass attachment points.  

 

The growth of Normalized Low-End Error is only 1.0717 times for attachments 5kHz-10kHz 

The growth of Normalized High-End Error is a wooping 18.36 times for attachments 5kHz-

10kHz. It is important to calculate Normalized values, because they account for increased 

number of frequency bins at high-end of the bandwidth. 

 

It is evident, that almost all the growth in Error values comes from drifting into the break-up 

region. On the next Figure 16, the plots also incorporate the Error Value ( thick brown line) 

versus frequency plots. The attachemnt points start at 5kHz and end at 10kHz.   

 

 
 

 

 
 

 

 
                                 Figure 16. Error split into two regions. 

 

 

There is very little change in Error Value the lower frequency range. All the growth comes 

from moving the attachment point into the break-up region.  

 

The Error Value in the low-frequency region will be affected by Windowing and Smoothing 

parameters. In this case, the effect is the opposite, and the Error does not change very much at 



the high end, but (as in the example below), the Error is 3 times lower at low end of the 

frequency range for narrower FFT Window of 30ms.    

 

FFT Window = 120ms, Smoothing = 1/12dB/oct 

 

 
 

 

FFT Window = 30ms, Smoothing = 1/12dB/oct 

 

 
 Figore 17. Low-frequency Error depends on Windowing and Smoothing 

 



Finally, we examine one more tweeter driver. This one has been sampled at 96kHz, using 

tabulated results for different attachment point, shown below. 

 

 

 
 

 

The SPL and phase response corresponding to the minimum Normalized Error of 1.17944. 

The final low-pass SPL slope is presented as black thick line of -76dB/oct roll-off.  

 

It seems to be quite fast roll-off, and the combined SPL response looks unnatural. It would be 

very challenging to visually discriminate for the best phase match between 38kHz right up to 

45kHz attachment points. The errors are very close to each other indeed. 

 

Even steeper roll-offs are require to satisfy minimum errors at 44kHz – 47kHz. At 47kHz 

attachment point the roll-off is -92.44dB/oct. 

 

 
 

 



The phase responses for 40kHz and 43kHz attachment points using Un-Constrained HBT 

method are plotted below. 

 

 
                               Phase responses for 40kHz and 43kHz attachment 

 

 

 

 
                     It is observable, that the phase difference is 48 deg at 20kHz (green line). 

 

 

 

Similarly, the same tweeter was examined using Constrained IHBT Method. Two full runs 

were conducted. One for 40kHz attachment point and one for 43kHz attachment point 



Run 1: From 400Hz     To 40000Hz 

 
 

 

Run 2:  From 400Hz     To 43000Hz 

 
 

 

The SPL constraint ( Con XX above) for low-pass slope was varied from 40dB to 110dB and 

IHBT method was run for all these values. Resulting FFT Bin values ( B XXX above ), Error 

Values ( E XXX.X above ), Normalized Error (NE X.XXXX above ) Low-Pass slope ( LP 

XX.XX above ) and the difference between Constraint – Low-Pass slope ( E-LP X.XX) were 

tabulated. 

 

It is observable, that E-LP parameter can be negative, zero (or close to zero ) or positive. 

When the E-LP = 0, the constraint is not active, and the process can be considered 

unconstrained. 

 

For  E-LP = 0.11 ( close to zero), the algorithm recommends 64dB/oct Low-Pass slope. 

 

The recommended excess phase values were plotted for both attachment points 40kHz and 

43kHz, and compared – see plots below. 



 
                          40kHz and 43kHz Constrained IHBT method 

 

 

 
                      Constrained IHBT Phase Difference 38 deg at 20kHz (green line). 

 

It is observable, that Constrained HBT method offered reduction in excess phase difference 

from 48 deg to 38deg at 20kHz, which is by 20.8%.  

 

This is not a large value, but combined with the recommended slope of 64dB/oct (vs 

76dB/oct) seems to be shifting the excess phase result in the right direction.   

 

One final interesting observation: the averaged value of 4 slopes for attachment poins 

between 40kHz, 41kHz, 42 kHz and 43kHz is equal to 65.64dB/oct. It may not be a bad idea, 

to select 41.5kHz attachment point and 65dB low-pass slope. Both methods seem to be 

pointing to the same conclusion.   



Conclusions 

 

Once the measurement process using MLS or ESS methods is completed, you are presented 

with SPL and Phase responses. Next comes the all-important question: “And now what?”. 

 

Minimum-Phase extraction process can be rather complicated process. In order to lessen the 

burden, a selection of tools and methods has been devised, encompasing (1) inclusion of all 

measurement processes and measurement options, (2) automation, (3) various numerical error 

presentations, (4) Error vs. frequency display curve and (5) common senese analysis of all 

these results. It is advisable to use as many tools as there are available to estimate the elusive 

minimum-phase response of a measured driver.  

 

Most often, the smallest error will be the best indication of the phase correctness. Other 

times, bizzare SPL curve will eliminate some results, and what’s left would be the correct 

phase outcome. Finally, analysis of the measured SPL/Phase curve will offer some clues as to 

what the next step should be in selecting automation options, particularly when strategically 

selecting the attachment points. Some more insight can be provided by the IHBT method 

here.  

 

When analysing the results, it would be prudent, to take into account sensitivities of the 

whole phase extraction to changes in parameters of measurement process. For instance, it 

would be incorrect to compare phase errors calculated for different windowing or smoothing 

parameters. The two Windowing example figures presented before show the Average Error = 

2.60705 for 30ms FFT Window, as opposed to Average Error = 8.11727 for 120ms FFT 

Windows. Parameters of the measurement process need to be selected based on sound 

measurement practices, and kept constant for all phase extraction activities. 

 

Cumulative Error is a good indication of where the things are going globally. Normalized 

Error helps to determine if extending the bandwidth via moving the attachment points causes 

the error to grow unusually large. For instance, if the phase difference between measured and 

HBT-drived phase is a steady 1 degree per frequency point, the Cumulative Error over 1 data 

point will be equal to 1. Cumulative Error for extended bandwith of 10 data points will be 

equal to 10. But Normalized error will be still equal to 10/10 = 1. So, it will be the 

Normalized Error, that will alert you to unusually large phase gaps. Examining the Error vs. 

frequency plot is also beneficial. 

 

Normalized Error vs. Constraint tabulated results and Normalized Error vs Attachment Point 

tabulated results would ideally reconcile with the same location of the FFT window and 

delay, and therefore the same excess phase. 

 

The HBT Method and IHBT Method described in Part I and in this paper above, work 

essentially off the same principles, therefore, they produce the same results. The methods 

were designed to compliment each other, and act as a consistency check for each other. Any 

differences could be attributed to the finite time-step resolution in algorithmic 

implementation and are negligible. The processes allow the user to extract minimum-phase 

response with +/- 1usec accuracy when used with 96kHz sampling.    

 

 

Thank you for reading 

Bohdan 


